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Abstract-Von Karman-Pohlhausen method has been used to study the rarefied hypersonic flow past 
an insulated flat plate with slip velocity and suction or injection on the surface. Analytical solutions are 
obtained for the leading edge and strong interaction regions. The governing equations are, then numeri- 
cally integrated. Numerical results agree with the analytical results in the leading edge and strong inter- 
action regions and provide solution in the intervening zone. Effects of slip and suction or injection on 

various flow quantities are discussed. 

NOMENCLATURE Subscripts 
distances measured along and per- cc, conditions in the free stream ; 
pendicular to the plate length; w ? conditions at the wall ; 
velocity components 
directions ; 
static pressure, density 
ture respectively ; 
coefficient of viscosity ; 

along x, y e,’ 

and tempera- 

conditions at the edge of boundary 
layer. 

1. INTRODUCI’ION 

specific heat at constant pressure ; 
C T+$~J~* 
th&rnal conductivity; 
Mach number ; 
mean free path ; 
boundary-layer thickness ; 
slip velocity on the surface ; 

P, CW~Y), ; 

4 P,U’, ; 
gas constant ; 
p,T,/p, T,, Chapman-Rubesin 
constant ; 
pC,/k, Prandtl number ; 

Pmuco~lPm ; 
defined in (2.12) : 

M&/cY,/Re, ; 
db/dx, local slope of the boundary- 
layer edge with x-axis. 

IN HYPERSONIC flow over slender bodies, bound- 
ary layer becomes thicker and also the tempera- 
ture on the body becomes higher with increasing 
Mach number. Suction may be necessary to 
reduce the interaction of boundary layer with 
the external flow while surface injection may 
be needed to alleviate the heat transfer to the 
body. 

Shen [l] investigated the hypersonic flow on 
the wedge with no slip and temperature jump 
boundary conditions using von Karm&n- 
Pohlhausen method with linear profile for the 
tangential velocity component. He found that 
the boundary-layer thickness varies as x* 
where x is the distance from the leading edge 
and the pressure ratio (P&I,) varies as (x)-*. 
Bogacheva [2] modified Shen’s [l] analysis to 
investigate the slightly rarefied hypersonic flow 
on a flat plate by taking slip velocity as the 

l This work is supported by the Ministry of Defence. 
perturbation to the no-slip case. Later, Yasuhara 

Govt. of India, under a Grant-in-Aid-Project entitled [3] examined the strong interaction on a 
‘Hypersonic Flow at Low Reynolds Numbers’. flat plate with suction or injection using a 
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quadratic profile to represent the tangential 
velocity component in the boundary layer. He 
found that for similarity to be possible, suction 
or injection velocity must be proportional to 
(x)-*. Li and Gross [4] also investigated the 
same problem using the method of similar 
solutions. 

Here, we have investigated the hypersonic 
flow of a rarefied gas on an insulated-flat plate 
with slip and suction or injection on the surface. 
We assume an inviscid flow in between the 
shock wave and the boundary layer. Tangent- 
wedge approximation provides the pressure 
distribution at the edge of the boundary layer. 
From similarity conditions, (u,,,/u,) has been 
assumed proportional to (p,/p,)f. Analytical 
solutions have been obtained for the leading 
edge region and for the strong-interaction 
region. Then, the governing equations have 
been integrated numerically. The numerical 
solution matches with the analytical solutions 
in the leading edge region and strong interaction 
region and provides solution for the intervening 
zone. A number of graphs have been drawn to 
illustrate the effects of slip and suction or 
injection. It is found that due to slip, pressure 
attains a finite value in the leading edge region. 
Suction increases the slip velocity while injec- 
tion decreases it. In general, injection has larger 
effect on the various quantities than suction. 

2. EQUATIONS OF MOTION AND THEIR 
SOLUTION 

Equations governing a 2-dimensional steady 
flow on a flat plate are the following 

&4+fp4=0 (2.1) 

PU;+Yu$= - @+$ @J(2.2) 

p=RpT. (2.4) 

Boundary conditions are 

(i) at y = 0, u = udx), 

au 
u = l4b = c,1, - 0 ay w 

(2Sa) 

where 

C, N J(/(n/2) and 1, = 1.256(jy)$ 
ww 

(ii) at y = 6, u = u, N u,, T= Tc (2Sb) 

For Pr = 1 and slip velocity with no heat 
transfer at the wall, there exists the following 
integral of the energy equation (2.3) : 

H= He= H,. 

Neglecting terms of second order in A,,,, we 
get the adiabatic wall temperature as 

T 
L= 1 ++4’, +M$,. (2.6) 
TCCJ 

From equations (2.1) and (2.2), in the presence 
of slip velocity and suction/injection on the 
surface, we get the following von Karman’s 
integral : 

d 

I 
pub, - u)dy = $S 

0 

au 
+ cLw ay w C-1 + PdL(% - UtJ (2.7) 

Last term in equation (2.7) shows that 
suction or injection interacts with the slip 
velocity at the wall. 

Assuming 

U 

-=a+by (2.8) 

UCC 

with boundary conditions (2,5a) and (2,5b), we 

get 

u C,L + Y -_= 
KC C,I, + 6’ (2.9) 

Substituting (2.9) in (2.7) and neglecting terms 
of second order of smallness (e.g. C:Ai/S2, 
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(A,/& * dd/dx, etc.), we get, 

Substituting 

P _ - I+ ; l) &p@” 

Pm 

rfv + 1) as 2 =----y--M: & 0 (2.11) 

from tangent-wedge approximation and non- 
dimensionalizing the variables in (2.10) as 
follows 

Substituting (2.17) in (2.16) and collecting 
terms of like powers of t, we find that for slip 
to be a dominant phenomenon near the leading 

edge, 

o--l and q=l. 

Hence, 
6 

q=,, <=i where L= * (2.12) q = @a0 + a,<+ a&f2 + . . .) (2.18) 
** 

we get, and 

+ P&v 

-( 

1 _ (C,A&) 

Pc5%0 (G&v/L) + V )I (2.13) 

where prune denotes ~fferentiation with respect 
to E. 

Here, C,1, da ’ --- =e 
0 L dx 

(2.14) 

where 

e = ~c,~(~). 
(Y + 1) 

For similar solutions, 

Ula(f-$ = AMmtl;I(ep) (2.15) 
UC0 

where A is the constant of proportionality and 
is positive for injection and negative for suction. 
Using equations (2.14) and (2.15) in equation 
(2.13) we get, 

=: ; q’ + $ &4 (2.16) 

where 

2 
b=-, 

Y+l 

a = MY + lf3” AM, 

J2 ‘(y- 

Let 

(2.17) 

Pw Y(Y + 1) - = - M:(ai + 4a,a,< 
Pr*, 2 

f 4aft2 + . . .) 

where 

(2.19) 

a2 
abat = =(9ab - 2) - 2. 

For large r (strong interaction region), slip 
appears as a perturbation to the no-slip solu- 
tion. This gives, 

cr=$ and q= -4. 

Hence 

q = (*(a, $ aIt-+ + a,{-+ I- . . .) (2.20) 

and 

_ _ Y(Y f 1) M2 Plv 9 -- 
Pm 2 m i_8aZf 

[ 

+ iaOa,P + fafT_’ + . . . 1 (2.21) 
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where 

192 eai 

a’ = - (342 - 297 ab)ai - 128 b’ 

2aoai[(216ab - 201)aia, - 80e] 
02 = 

(180 - 189ab)ai - 64b ’ 

For the case of no-slip (e = 0). we get, 

rl = aor* (2.22) 

and 

PW 9Y(Y + 1) 
p,= 32 

M”,air-*. (2.23) 

In the following table, we compare the results 
of present investigation with no-slip and no 
suction/injection with the exact results of 
Stewartson [5] and the approximate results of 
Yasuhara [3] : 

A PW 

Stewartson’s results 
Present investigation with 
linear profile 

Yasuhara’s Quadratic profile 
results Qumtic profile 

Sextic profile 

0.704 0.555 

0.737 0.514 

0.738 0602 
0822 0.756 
0892 0.890 

We find that our results are slightly closer 
to the exact results of Stewartson [5] than 
those of Yasuhara [3] with quadratic profile. 
Thus we expect that the results will be reasonably 
accurate even with slip and suction/injection 
on the surface. 

We also integrated (2.16) numerically. The 
numerical solution agrees with the analytical 
solutions in the leading edge and strong inter- 
action regions. It also piovides the solution in 
the transition region between leading edge and 
strong interaction regions. 

3. DISCUSSION OF RESULTS 

From Fig. 1, we find that suction decreases 
the boundary layer thickness while injection 
increases it. Also, slip velocity on the surface 
reduces the boundary layer thickness even when 
suction or injection is applied at the surface. 
From Fig. 2 we find that in the absence of slip, 
pressure tends to infinity as the leading edge is 
approached while slip enables the pressure to 
attain a finite value at the leading edge. This 
shows that slip is an important phenomenon to 
be considered near the leading edge of the flat 
plate. In the far off region as well, slip reduces 
the level of pressure. Injection increases viscous- 
inviscid interaction while suction reduces it. 

From Fig. 3, we find that near the leading 
edge, slip velocity is about 90 per cent of the 

- - Wlthout slip 

X. in. 
Fi G. 1. Viscous layer edge versus the distance along the plate. 
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- --- Wlthout slip 
- -With slip 

-Mm= IO.0 
Re/in:1000~0 

FIG. 2. Variation of p/p, with f, X = Mi(J c)!JRe,. 

free stream velocity while sufficiently far down- 
stream, slip velocity is about 10 per cent of the 
free stream velocity. It is interesting to observe 
that suction increases the slip velocity while 
injection reduces it. Figure 4 shows that suction 
or injection velocity tends to a finite value in the 
leading edge region and decreases as we proceed 
downstream. In Fig. 5 skin friction is plotted 
against (M,(Jc)/,/Re,). It shows that injection 
increases c, in leading edge region while it 

1 h4,. 109 

Re/in.-1000.0 

FIG. 3. Variation of slip velocity with f/M: (rarefaction 
parameter). 

decreases c, in strong interaction region. This 
may be explained as follows. 

Injection decreases cJ in the absence of slip. 
It also decreases slip velocity. Decrease in slip 
velocity increases c, and vice-versa. When 
slip and injection both are considered, c, 
changes due to injection itself and also due to 
change in slip velocity caused by injection. In 
leading edge region, since slip is dominant, 
increase in cr due to decrease in slip velocity is 

1 
6 n IO.0 

Re/ln.-.iOCQ~O 

FIG. 4. Variation of suction and injection velocity with 
f/M& 
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-With slip 
---Without sltp 

Suction 
/ 

FIG. 5. Variation of Mz. cI ‘22) with fJ/Mi 

more than decrease in cJ due to injection giving 
an overall increase in cf. In strong interaction 
region, slip is small and so decrease in cf due 
to injection dominates over increase in c, due 
to decrease in slip velocity giving an overall 
decrease in cf. Suction has opposite effect on cf. 

An inspection of the various graphs shows 
that injection has more effect on the various 
flow quantities than suction. 

4. CONCLUSIONS 

It has been shown that slip decreases bound- 
ary-layer thickness, pressure level and skin 
friction on the surface. Pressure attains a 
constant value in the leading edge region in the 
presence of slip while it tends to infinity in the 
absence of slip. Further, slip exists even in the 
strong interaction region. 

Injection increases boundary layer thickness 
and pressure on the surface but decreases slip 
velocity. Also, injection first increases cs in 

leading edge region and then decreases it in 
strong interaction region. Suction has opposite 
effect bn all these flow quantities. In general, 
injection has larger effect on the various flow 
quantities than suction. 
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ECOULEMENTHYPERSONIQUERAREFIESUR UNEPLAQUEPLANEISOLEEAVEC 
SUCCION OU INJECTION 

Rlksumb- On a utilid la methode de Karman-Polhausen pour ttudier I’tcoulement hypersonique rare- 
fie sur une plaque plane iso& avec vitesse de ghssement et suction ou injection parittale. Des solutions 
analytiques sont obtenues pour le bord d’attaque et les regions ii forte interaction. Les equations principaies 
sont ensuite integrees num~riquement. Les resultats numeriques sont en accord avec les resultats analy- 
tiques au voisinage du bord d’attaque et dans les regions de forte interaction et ils donnent une solution 
dans la zone complementaire. Les effets de ghssement et de suction ou d’injection pour differented con- 

ditions sont discutts. 

I~YPERSONISCHE STRUMUNG VERDUNNTER GASE UBER EINE IS~LIERTE EBENE 
PLA'M'E MIT ABSAUGEN ODER EINBLASEN 

Z~fa~~g- Zur Untersuchung der hy~rsonisc~en Stromung verdtinnter Gase fiber eine isolierte 
ebene Platternit G~eitgeschwindigkeit und Absaugen oder Einblasen an der OberflPche wurde die K&man- 
Pohlhausen-Methode angewandt. Damit e&&It man analytische Liisungen fiir die Anstrijmkante und 
fiir Gebiete starker Wechselwirkungen. Die beschreibenden Gleichungen werden sodann numerisch 
integriert. Die numerischen stimmen mit den analytischen Ergebnissen fir die Anstromkante und fur 
Gebiete starker Wechselwirkungen Bberein und liefem eine Liisung fiir die dazwischenliegende Zone. 
Die Einfltisse von Gleitung und Absaugen oder Einblasen auf verschiedene Stromungseigenschaften 

werden erbrtert. 

CBEPX3BYKOBOE PA3PE~~HHOE OBTEKAHHE H3O~~POBAHHO~ 
HJIOCKOH H~A~T~HbI IIPH OTCO~E/BAYBE 

AaxoTsJ$m-kicnosbaosanerr MeTon KapMaHa-nOJibXayaeHa WK ncenegosamm paapemea- 
HOI.0 CBepXFJByKOBOl'O ObTeKaHKfl IlaOJlHpOBaHHOti IIJlOCKOti WIaCTSiHbI IIpH HaJlHWiH 
cKonbmeHmi K npu 0Tcoce um BnyBe Ha nosepxkiocTu. IIoayqeav aHamTmecKKe pemeam 
~~~nepeAHe~KpOMKKKy~~CTKOBCEIJIbHO~OB~aHHO~e~CTBWR.~aTeM IIOJIyYeliHhleypaBHeHKR 
6bme npouriTerpwpoaannr. Hacnerrir~e peaynbTaTar coraacyrorcn c ariansxTn~ecrtanfn Han 
Ann lIepeAnet# KpOUKH, T&W M &IS-l yqaCTKOB CWJibHOI'O B8aHMOAetiCTBHfl H 06eCneYKBaIOT 
nozyseHKe perueHm3 ~m.3 npomeztyn>naoft a0Hbl. PaccnraTpasaeTcii Bmfmie cKomdi5eHKq 


